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What is Percolation?

✧ Every edge of a graph G is retained with probability and p and deleted
with probability 1-p independent of all the other edges. This random
process is called percolation.

✧ This model was first introduced by Broadbent and Hammersley in
1956.

Figure: John Hammersley
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An Illustration

✧ Retained edges are called open and deleted edges closed, connected
components are called clusters.

Probability on Trees and Networks - Ruselly Lyons and Yuval Peres

Figure: For phases before,at and after criticality
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Phase Transition and Critical probabilities

✧ Now we can define θ(p) = Pp[O ↔ ∞].

✧ We want to consider, pc = sup{p : θ(p) = 0}
✧ There is typically a phase transition i.e pc(G ) ∈ (0, 1),for example

one knows that pc > 0 for all graphs with bounded geometry and that
pc(Zd) ∈ (0, 1)

✧ For a d-regular tree one has that pc(Td) =
1

d−1 and for the integer

square lattice pc(Z2) = 1
2 .

✧ From the above one gets that 0 < pc(Zd) ≤ 1
2 .However the exact

value of pc(Zd) for d ≥ 3 is not known!
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Big Questions

✧ After what point do we get a unique infinite cluster?

✧ How do the two phase transitions compare to each other?
Now define pu = inf{p : Pp[∃ a unique infinite cluster] = 1}

Figure: Different Phases

Now our questions translate to the following :

✧ What is pu(G )?

✧ When is pc(G ) = pu(G )?
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Transitivity of Graphs

We shall be only dealing with transitive graphs that is graph for which
for any two vertices u, v ∃ γ ∈ AUT(G) s.t. γ(u) = v

Theorem(Newman and Schulman-1981)

If G is a transitive, connected graph, then the number of infinite clusters is
almost surely either 0, 1 or ∞

Theorem(Häggström,Peres,Schonmann-1999)

If G is a transitive, connected graph, then the number of infinite clusters
for p > pu(G ) is almost surely 1.

✧ The above gives us that for infinite,connected,transitive graphs,

pu = sup{p : Pp[|N∞| > 1] = 1}

Ishaan Bhadoo Percolation on Gromov Hyperbolic Graphs ICTS-TIFR 7 / 14



Transitivity of Graphs

We shall be only dealing with transitive graphs that is graph for which
for any two vertices u, v ∃ γ ∈ AUT(G) s.t. γ(u) = v

Theorem(Newman and Schulman-1981)

If G is a transitive, connected graph, then the number of infinite clusters is
almost surely either 0, 1 or ∞
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Amenability of Graphs and Groups

Defintion

The Isoperimetric Constant/Expansion Constant of a graph G is given by

Φ(G ) = inf{|∂S |
|S |

: S ⊂ V , |S | < ∞}

✧ A graph is called amenable if its expansion constant is zero and
non-amenable if Φ(G ) > 0. A group is called amenable if one of its
(hence all) Cayley graphs is amenable.

✧ Examples of Amenable graphs include : Zd , the triangular lattice ,
honeycomb lattice.

(a) Honeycomb Lattice (b) Triangular Lattice

Figure: Caption for this figure with two images
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Burton and Keane’s Argument

Theorem(Burton,Keane-1989)

Let G be a connected, transitive, amenable graph Then,

pc(G ) = pu(G )

Thus for the integer lattice pc(Zd) = pu(Zd)

Tom Hutchcroft - Phase Transitions in hyperbolic spaces
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A Conjecture of Benjamini and Schramm

Conjecture(Benjamini,Schramm-1996)

Let G be a infinite,connected,transitive graph then pc(G ) = pu(G ) if and
only if G is amenable.

✧ A d regular tree for d ≥ 3 is non-amenable and the above statement
holds for it since pu(Td) = 1 and pc(Td) =

1
d−1 .

✧ (Grimmet and Newman-1990) For b ≥ 6 we have,

0 < pc(Tb+1 □ Z) < pu(Tb+1 □ Z) < 1

✧ (Lalley ’98, Benjamini and Schramm ’01) For any planar transitive
non amenable graph pc(G ) < pu(G )
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Hyperbolic Graphs

Definition

A graph G is said to Gromov hyperbolic if it satisfies the rips thin
triangle condition that is there exists a constant δ such that for any three
vertices u,v,w of G and any three geodesics [u, v], [v, w] and [w, u]
between them, every point in the geodesic [u, v] is contained in the union
of the δ-neighbourhoods of the geodesics [v, w] and [w, u].
Such a graph is called δ-Hyperbolic.

Wikipedia

Figure: The rips thin delta condition
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Alternate Definition

Definition 2

A graph G is called δ-Hyperbolic if for every geodesic triangle there exists
a point p ∈ V such that max{d(p, α), d(p, β), d(p, γ)} ≤ δ.Where α, β, γ
are the three geodesics.

✧ Both these are equivalent meaning that if G is δ-Hyperbolic in the
sense of the first definition then G is δ

′
-Hyperbolic for some δ

′
in the

second definition.

Bondwitch-A course on Geometric
Group Theory
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Non-Amenable Hyperbolic Graphs

✧ In 2019 Tom Hutchcroft established the Benjamini-Schramm
conjecture under the additional condition of gromov hyperbolicity.

✧ The proof relies on important geometric properties of a hyperbolic
graph and exploits these properties while using a new operator
theoretic approach to the problem.

✧ Hutchcroft ’19 also establishes the so called Triangle condition for
such graphs which is known to imply a lot of critical exponents which
describe the behaviour of percolation near criticality.

Theorem(Hutchcroft-2019)

Let G be a connected, locally finite, nonamenable, Gromov hyperbolic,
quasi- transitive graph. Then pc(G ) < pu(G ) and ∆pc < ∞.
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Thank You!
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