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1 Overview

Percolation has been a popular model of study ever since it was introduced in 1957 by Broadbent and
Hammersley [BH57]. This essay focuses on a dynamical adaptation of percolation where the percolation
environment evolves as a two-state Markov chain. Each edge refreshes at rate p and becomes open with
probability p and closed with probability 1 — p. We study a model of random walk introduced by Peres,
Steif, and Stauffer [PSS15] on this evolving environment, where the walker chooses one of its neighbors at
rate 1 and jumps only if that edge is open.

A key step towards understanding the dynamical walk is to relate it to the well-understood simple random
walk (SRW). This is when the walker chooses one of its neighbors at rate 1 and moves there. In this
spirit, Hermon and Sousi [HS20] established several comparison principles between important random walk
quantities, such as the hitting times and mixing times of the dynamical walker and the SRW. They showed,
for example,

C(u)
DP SRW
thit < thit >

where p is the refresh rate for the evolution of the configuration, and p is the probability that the edge is
open after refreshment.

While [H520] resolved many key aspects of hitting and mixing time behavior, they left open the question of
whether a comparison principle could also be established for cover times [H520, Question 1.12]. This essay
addresses that open problem.

The goal of this essay is twofold. First, it systematically studies the key comparison results for hitting
times developed in [HS20], beginning with a setup of the dynamical model and an introduction to the key
techniques used in its analysis. Second, it presents new comparison theorems for cover times, extending the
known framework to graph families where no such bounds were previously available. Specifically, we develop
comparison theorems for the following classes:

Uniformly locally transient graphs. We show a cover time comparison for a certain class of finite graphs,
which we call uniformly locally transient. We explain why this notion is a natural analog of transience in
the finite setting and discuss the obstacles our method faces in large-diameter or recurrent cases.

High-dimensional graphs. Next, we study a special subclass of uniformly locally transient graphs called

n
logn

high-dimensional graphs, i.e., graph sequences G, satisfying diam(G,,)? = o ( ) These can be thought

of as graph sequences with “dimension” at least 3. For example, one such sequence is (Zn)fpl, the d-
dimensional tori with d > 3. For these families, we prove stronger, more quantitative comparison principles
of the form

DP QtSRw

cov — cov °

Rapidly mixing graphs. Next, we tackle graphs with rapid mixing, i.e., sequences (G,,) such that t>3RW —

rel
O(nlf‘s) for some > 0. To obtain a cover time comparison for this class, we adapt Zuckerman's technique
[Zuc90] to derive a general lower bound on the SRW cover time tEiFEW log n, which, as we will see, allows us

to extend the comparison.

Abelian groups. Finally, we show a comparison theorem for all Abelian groups using a result of Ding, Lee,
and Peres [DLP11], following remark 3.7 of [HS520].

The remainder of the essay is structured as follows. Section 2 introduces the formal setup of percolation,
dynamical percolation, and the random walk on dynamical percolation. Section 3 defines the key quantities
of interest, including hitting times, mixing times, and cover times. Section 4 presents the proof of the main



comparison result for hitting times. Section 5 presents the central contributions of this essay: new comparison
principles for cover times between dynamical walk and SRW on various families of graphs, including high-
dimensional graphs, Cayley graphs, and graphs with rapid mixing. Section 6 discusses comparison principles
for random walk on dynamical percolation on the other side of the spectrum, namely, the graphs with
moderate growth. In Section 7, we conclude with future directions, some questions, and the limitations of
our techniques.
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2 Introduction

2.1 Bernoulli Percolation

A classical model in probability theory is that of Bernoulli percolation. This model was introduced by
Broadbent and Hammersley in [BH57], and is one of most studied models in probability. Defined simply,
in this model, each edge is open (retained) with probability p and closed (not retained) with probability
1 — p (we call the measure this gives as the percolation measure m,). The connected components in this
configuration are called clusters.

Performing Bernoulli percolation on an infinite graph G leads to several basic questions. The first question
is the existence of a phase transition. For p = 0 it is clear that the cluster of the origin is just the origin
(say O), whereas for p = 1 the cluster is the entire graph, and in particular, it's infinite. From a standard
uniform coupling of the percolation configuration, it is easy to show that there is a critical point p. such
that for p > p. there is an infinite cluster and for p < p. there is no infinite cluster.

One can explicitly find the values of the critical point for certain graphs. For instance, a d-regular tree has
pe(Tq) = dfll (infact from [Bha24] in some sense, for a d-regular graph p. = dfll if and only if G is a
tree). A classic theorem of Harris also tells us that for the integer square lattice p.(Z?) = % This however
is essentially all the graphs for which we can determine p. explicitly and in general it is a very hard problem
to find p.. Even though one gets that 0 < p.(Z%) < 3, the exact value of p.(Z?) for d > 3 is not known!

Another question is about the non-triviality of the phase transition (in the sense of emergence of an infinite
cluster). More specifically, we can ask whether p. € (0,1), it is easy to see that this is not true in general
and that p.(Z) = 1. For most graphs, however, there is typically a phase transition. Usually, the bound
pe > 0 is easier to establish.

Proposition 2.1. Let G be an infinite graph of max degree A. Then, p.(G) > ﬁ, in particular p.(G) > 0.

Proof. Let T';, = {7 : v is a self avoiding walk of length n} and let OA,, = {z : d(x,0) = n}. Suppose
that, p.(G) < x5 and fix a p. < p < x17. Consider, X,, = > ~er, L(7 is open). Then, the probability

that we are connected to the n boundary is clearly contained in the event that X,, > 0. Thus we have,

p(0 = 0A,) < mp(Xy, > 0) < E(X,,) = 7621; mp(7y is open) = p" (T,

However, |T',,| < A(A —1)""1 so we get that, m,(X, > 0) < p"A(A—-1)""1 - 0asn — oco. Thisisa
contradiction. Thus p.(G) > x1+. O
The bound p. < 1 is, however, much harder. Intuitively, one expects that for graphs which grow fast enough
pe < 1. Through a recent result of Duminil-Copin, Goswami, et.al [DCGR"20] (and even more recently
by Easo, Severo, and Tassion [EST24]), we know that p. < 1 for all transitive graphs that grow at least
quadratically. More specifically,

Definition 2.1. A transitive graph G = (V, E) with bounded geometry is said to have super-linear growth
|Br(z)|

=4 = o0, where B,.(x) is the ball of radius r.

if lim sup
r—00

Theorem 2.1 (Duminil-Copin, Goswami, et.al 2020, Easo, Severo, Tassion 2024). Let G be a graph with
super-linear growth then, 0 < p.(G) < 1.



As a result of Aizenman, Kesten, and Newman [AKNS87], it is known that for percolation 7%, there is a
unique infinite cluster after p.. Thus, the subcritical and supercritical phases are well understood; however,
the problem of the existence of infinite cluster at criticality in a completely open. In particular, we have the
following conjecture.

Conjecture 1. For all d > 2, there is no infinite cluster at criticality for percolation on Z<.

A breakthrough result of Hara and Slade [HS594] proves the above conjecture for d > 19, using the technique
of lace expansion. Through Harris' theorem on the square lattice we also have the conjecture for d = 2.
However, the conjecture for the intermediate dimension d = 3 is open and is one of the biggest open
problems in the subject.
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Figure 1: Percolation on a 40 x 40 square grid graph at p = 0.4,0.5,0.6. Each cluster is given a different
color. (C) Probability on Trees and Networks - Russell Lyons and Yuval Peres. [LP17b]

2.2 Dynamical Percolation and Random Walk on Dynamical Percolation

In this essay, we consider a dynamical version of percolation on a graph G = (V, E). This model was first
introduced in [OYJ97] and is a model for an evolving percolation process. Given p € (0,1) and a refresh
rate 1 > 0, we construct a time-evolving random environment as follows. At time ¢t = 0, the configuration
is initialized according to some law on {0,1}.

Each edge e € E(G) is equipped with an independent Poisson clock of rate p. When the clock of edge e
rings, the edge refreshes: it becomes open with probability p and closed with probability 1 —p, independently
of its previous state and independently of the rest of the configuration. We denote the configuration at time
t by n:, where n.(e) = 1 if edge e is open at time ¢ and n.(e) = 0 otherwise.

The process (1:)i>0 forms a continuous-time Markov process on {0,1}Z. It is easy to check that m,
(the percolation measure on edges) is a stationary distribution for this process. In particular, if the initial
distribution is m,, then n; ~ m, for all ¢ > 0.

In this essay, we later restrict to finite graphs, but for historical context, let us focus on an infinite graph. A
central question in the study of dynamical percolation was (and still is) whether, starting from the distribution
Tp, there exist atypical times (called exceptional times) at which the percolation configuration behaves
significantly differently from what one typically expects at a fixed time. In most contexts, ‘“significantly



Figure 2: Dynamical Percolation on a square grid with p fixed at two different times. Observe how the
clusters change. (©) Oded Schramm'’s contributions to noise sensitivity. [Garll]

different” refers to the appearance or disappearance of an infinite connected cluster. We begin by stating
a basic but important result, originally established in [OYJ97], which states that exceptional times do not
exist when we are not at p.. Let C}; denote the event that there exists an infinite cluster at time ¢, and
let P(#P) represent the probability measure governing the full dynamical percolation process with parameter

(1, p) on a given graph.

Proposition 2.2. For any infinite graph G, consider dynamical percolation started at m, with u =1 then
we have:
P(P) ((Cy)° occurs for every t) =1 if p < po(G),

p») (Cy occurs for every t) =1 if p > p.(G).

Proof. We just give an idea of the proof. For details, we refer to reader to [OYJ97].

Fix p < p.(G). The goal is to show that with probability one, the event C; (that there is an infinite open
cluster at time t) does not occur for any ¢ > 0.

To do this, consider a small time interval of the form [t,¢ + ¢], and define a new percolation configuration
where an edge is declared open if it was open at any point during this interval. Because the edge states
evolve independently according to Poisson clocks, the probability that an edge is ever open during this
interval is strictly greater than p but can be made arbitrarily close to p by choosing § small enough. In
particular, for small enough d, the resulting configuration is still subcritical, and so with probability one, it
contains no infinite cluster.

Now cover the time axis [0, 00) using a countable collection of overlapping intervals of the form [kd/2, kd/2+
d] for integers k > 0. By the above argument, for each such interval, with probability one there is no time
inside the interval when an infinite cluster exists. Taking a countable union over these intervals, we conclude
that almost surely, there is no time ¢t > 0 at which an infinite cluster appears.

The case p > p.(G) is similar: one considers an edge to be open if it is open throughout a small interval
[t,t + 0]. For small enough 9§, the resulting configuration remains supercritical, and a similar covering
argument shows that almost surely, an infinite cluster exists at all times. O



Thus in some sense the critical point is the most interesting case. Several results exists at p = p,, in
particular, we have the following results.

Theorem 2.2 ([0Y97]). For the graph Z with d > 19, and p = 1. Dynamical percolation started at m,
has no exceptional times at criticality.

The proof of the above theorem uses several ideas that only work in high-dimensional percolation on Z¢
for d > 19, inspired by Hara and Slade’s work. Nonetheless, we have the following result for the triangular
lattice and the 2d lattice.

Theorem 2.3 (O. Schramm, J. Steif, [SS11]). Consider i = 1 and dynamical percolation on Z? started
from m,. Then no exceptional times exist. Similarly, for dynamical site percolation (defined analogously but
for vertices) on the triangular lattice started from m,, no exceptional times exists.

To keep this essay concise, we end our discussion on dynamical percolation. There is, of course, a lot more
that be can be asked for this model and we refer the reader to Jeffrey Steif's excellent exposition [Ste09].

2.3 Random Walk on Dynamical Percolation

We now define the model that we discuss for the remainder of the essay: random walk on dynamical
percolation, introduced in [PSS15]. Let (X;):>0 denote the position of the walker at time ¢ > 0. The
joint process (X¢,7;)¢>0 evolves as follows. The environment (7;);>0 evolves independently according to the
dynamical percolation process described above.

Meanwhile, the walker (independently) evolves as a continuous-time random walk of rate 1. At each time
when the walker's clock rings, the walker chooses one of its neighbors uniformly at random, jumps to that
neighbour only if that edge is open at that moment (i.e., open in ;). Otherwise, it remains at its current
vertex.

This describes a Markov process (X;,7:) on V x {0,1}¥. We emphasize that while (X, 7;):>0 is Markovian
on its own, the process (X;) alone is not Markovian due to the dependence on the evolving environment.
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Figure 3: Snapshots of a random walker on dynamical percolation on a 30 x 30 grid at three different times.
The blue edges are open, the black line shows the trajectory, and the green marker indicates the current
walker position. The edge refresh rate is 4 = 0.5. Simulation coded in Python.



Different phases of . The interesting phase is when p < 1, in fact 4 < 1. This is because if g > 1 then
at the time scale of the walker the environment does not evolve fast enough to be interesting (it essentially
becomes close to the static case), and no interesting behaviour emerges. This case is also relevant to real-
world scenarios, such as evolving networks where u < 1 is natural. Hence, we assume p < 1 for this entire
essay, unless specified otherwise.

We have the following theorem from [PSS15], which says that the usual transience above d > 3 and
recurrence below d < 2 hold for the dynamical walker.

Theorem 2.4. Let G = Z® with d € {1,2} then for any p € [0,1] and u > 0 and initial configuration 1
we have for any sg > 0:
P(Usss0 { Xy = 0}) = 1.

For G = Z% and d > 3 we have for any p € (0,1] and j > 0 that lim;_,o, X; = 00 a.s.

From now on we restrict ourselves to the case of a finite graph G = (V, E). It is easy to check that the
product measure 7g, = T X 7, is a stationary distribution for the full process (X;,7;), where m denotes

the measure on V' given by

d
m(x) = ;géa’c) for each x € V.

Here, deg(x) denotes the degree of the vertex x in the graph G.




3 Hitting times, cover times, and related quantities

In this section, we introduce several important quantities associated with random walks on graphs, both
in the static setting (simple random walk, or SRW) and the dynamic setting (random walk on dynamical
percolation). Understanding these quantities will be crucial for the comparisons between the SRW and
random walk on dynamical percolation that we develop later. We start by defining these concepts for a
finite state Markov chain and then give specific notations for the case of SRW and random walk on dynamical
percolation.

Definition 3.1 (Hitting times and Cover times). Consider an ergodic Markov chain (X4):>o with state space
Q, transition matrix P and stationary distribution w. Then for each set A C ) define, T4 := inf{t : X;, € A}
when A is a singleton {y} we simply write T,. The hitting time and cover time of the Markov chain are
defined as:

thit := H%%X]Ew(Ty) and teoy = mngm(Tcov)

where Tcoy = Inf{t : Vo € Q) there exists s < ¢ such that X, = z} is the time taken to visit all points.

L LT ..:i"'-- il

Figure 4: Figure to illustrate the cover time of a simple random walk on a 75 x 75 discrete torus. Unvisited
vertices are colored black. Snapshots are taken at 10%7cov, 20%7cov, « - +» 100%7coy, Where 7coy is the cover
time. The trajectory required 136,387 steps to complete the cover. Simulation coded in Python.

Definition 3.2 (Mixing times). Consider an ergodic Markov chain (X;);>0 with state space §, transition
matrix P, and stationary distribution w. Fix € > 0. The total variation and L., mixing times of the Markov
chain are defined as

tmix(€) == min{t > 0: max | P! (z, ) — 7||Tv < €}

and

mix

(&) := min{t > 0 : max||P'(z, ) — 7l|oor <},

1

where, recall that ||p— vlltv = >, [u(z) —v(z)| and [|p — Voo = sup, plz)—v(z) |

c(z)

We refer to the markov chain (Xt,7:):>0 as the full process. Let ]P’;’f’p) and E;’f;ip) denote the law and the

expectation of the full process started from (z,7). We want to compare a simple random walker on G to



the random walker on dynamical percolation. We consider the continuous time version of the simple random
walker with jump rate 1 to avoid ergodic issues. Let us start by defining the following hitting times.

SRW full,(up) . _ full, (11,p) ( )
t = max, 4E.(7T,) and t,. = max E; T
hit 2y Ea(Ty) hit ryeVmelo1}E o yx{0,1}F
Similarly, we define the following cover times,
tSRW . — max E, (Teov) and tfh0P) .= max E;“'q;’(“’ )(Tc(g\}p))
z zeVne{0,1}# 77

(1:p)

where 7cov ¢ is the first time the random walk on dynamical percolation visits every vertex.

A note of caution: These are not the cover and hitting times in the usual sense of considering (X, 7;) a
Markov chain. We define them in the above manner since we only care about the coordinate of the random
walker.

We denote the corresponding mixing times for the simple random walk by t>RW(¢) and §SRW(c0) (¢), and

mix milx

the mixing time for the random Walk on dynamical percolation by tfu”’( )( ) and tgﬂlx(“’p) /(00)

standard convention we fix € = 4 and drop it from the notation, unless specified otherwise.

(€). Following

Peres, Stauffer, and Steif initiated the study of dynamical percolation in the subcritical regime for the special
case of (Z2),>1, the following comparison theorems were established in [PSS15] and [Mar23].

Theorem 3.1. For all d > 1 and p € (0,p.(Z%)), there exists C = C(d,p) < oo and ¢ = ¢(d,p) > 0 so
that the following hold.

(1) For all n and for all p <1,

cn? Cn? en? Cn?
7 ' p Iz

< t;uilv(,uzp)(zn) S n and 7 S tzl(l)l‘l;(lhp) (Zn) S

(ii) For all n and for all n <1,

cn?logn < tﬁ;ltl’(“’p) (22) < Cn?logn and cn?(logn)? < #l(en) (72) < Cn?(logn)?
[ p 7 7
(#i1) For all d > 3, for all n and for all p <1,
d d d
ﬁ < tfull (u,p)(Zd) Cn and " logn < tiﬂl’(“’p)(Zﬁ) < Cn%logn
7 7 [ [

Given the hitting time comparisons, [Mar23] establishes the cover time comparison. The upper bound simply
follows from the Matthew bound in the dynamic setting. The hard part of the theorem is to establish lower
bounds. As we will see, from our methods, we can get upper bounds for ZZ for all values of p not necessarily
subcritical. For the proof of the theorem, we refer the reader to [PSS15] and [Mar23].

We are now ready to state one of the main theorems from [HS20].

Theorem 3.2 (Theorem 1.1, [HS20]). For every 1 there exists a positive constant ¢ such that for all graphs

G and all p we have that
full &
e (3.1)

Moreover, there exists a constant cl so that for all graphs G and all (u,p) € (0,1]? we have that

full _1,full (1, full (1,
07 < (g O ) (32)

mix

10



Intuitively, one can think about the theorem in the following manner: suppose we want to hit y by starting
from z, the simple random walker is slower than the dynamical walker due to potential bottlenecks in the
graph, while the dynamical walker might also face these issues, due to the evolving nature of the process it
can escape these challenges quicker. The appearance of % can also be explained. It is the factor by which
the walker is slowed down because at any point, it only sees a p-fraction of the edges that the simple random
walk sees. In a similar fashion, one might also expect i (expected time for an edge to refresh) as a factor
slowing the dynamical walk; indeed, we later show that for certain graphs the constant in the theorem can

be taken to be of the form j, making this dependence explicit.

Remark. Hermon and Sousi discuss how their comparison theorem for hitting times implies that t{ﬁltl’(“’p) Sup

|[V[? (a natural analog of the same upper bound for the static hitting time). This leads to an analogous
question for the |V'|> upper bound for the cover time. This will be a consequence of the conjectured version
of Theorem 3.2 for cover time. As we will see this will follow for certain families of graphs in Section 5.

Now, we recall a well-known method to relate cover times and hitting times for any graph is Matthews'
inequality. We first state the static version and show its extension to the dynamic setting.

Proposition 3.1 (Matthews' Inequality, [Mat88]). Simple random walk on any graph G satisfies

. 1 SRW _ ,SRW 1
< < t7; .
may min, Br (Ty) <1 LRy 1> e R e T (3:3)

For the proof of the above proposition, we refer the reader to [LP17a]. It is easy to see that Matthews'
Inequality works for any irreducible Markov chain. In particular, we have the following.

Proposition 3.2 (Matthews' upper bound in the dynamic setting). Dynamical random walk with parameters
p € (0,1) and p > 0 on any graph G satisfies

£l (12) < ol (1) (1 ot ) =t " og(IV(G))) (3.4)

1
V(&)

This proposition follows the same proof as the Matthew bound and was used in [Mar23] to establish matching
upper bounds for cover times. We include it here for convenience.

Proof. Without loss of generality, let our vertex set be {1,--- ,n}, further let n be the worst starting vertex
. . full : . .
for cover time, i.e. tclé,\,’(“’p) = E%}IS) (Tcov) for some ng. Consider a uniform random permutation o € S,,_;

of the set {1,2,...,n — 1}, independent of the Markov chain. Now define T} as the first time all of
o(1),...,0(k) have been visited, and let Ly := X7, denote the last state among {o(1),...,0(k)} to be
visited. Then clearly, T, = Zle(Ti —T;—1) with Ty := 0.

Fix the starting state to be n, we now show that:

fi fi 1 1

We now show that for each i < n — 1, E,[T; — T;_1] < %t;uiltl’(“’p). To see this, observe that the event

L; = o(i) (i.e., the last state to be visited among {o(1),...,0(i)} is o(i)) occurs with probability 1/i by
symmetry: the labeling is uniformly random, so each state is equally likely to be last. Also,

. fi
E(#P) [T, —Ti_y | Li = o(i)] < thuilth(u’p)’

7,10

11



since in that case, the walk transitions from a state in {o(1),...,0(i — 1)} to (i), and hitting any state
from any other takes at most ty;; in expectation.

Therefore, )
BT, — Tioa) = BUDIT = Ty | Lo = (i) B(Li = 0(0) <ty 5
Thus,
7 full, (u,p) 1 1
ngn];)[Tn—l]Sthit <1+2+“'+n—1>’
as desired.

O

Notation: For functions f, g we will write f(n) < g(n) if there is a constant ¢ > 0 such that f(n) < cg(n)
for all n. We write f(n) < g(n) if both f(n) < g(n) and g(n) < f(n) holds. Finally, we write <. and =<,
when the constant depends on c.

We now move our attention to spectral quantities associated with Markov chains. To start, we define the
Dirichlet form associated to a generator L.

Ec(f, ) = 5 . m@) Ll y)(f @) — F9)* = 7(~Lf - )

I7y

for all f:Q — R. Next, for € > 0 define the spectral profile,

A(e) = min{Ec(f, f) : f : @ = R, Varr(f) = 1, m(supp(f)) < e}

where supp denotes the support of h and Var,(h) = E;[(h — E(h))?] is the variance of h. This leads to
the definition of the e-spectral-profile for ¢ > 0.

LIS

2
tspectral—profile (€) = ~—= dd
pectral—p ﬁl() A (SA((S)

ming 7(x)
For transitve graphs, one can show tssli)?e\é\{cralfproﬁle < logn tfgw as follows. Since A(J) minimizes over a
restricted subset of functions (those supported on small sets), we have A(d) > v(P) (the Poincaré constant
= 1/t>3RW)_ Plugging this into the definition of t>RW we get:

rel spectral—profile’

4/ q 4/e
t?gevc\éral—proﬁle (e) < 2t§el§WA 5 dd = 2ty log <4 > .

T

For transitive graphs, we have m, = % and therefore for ¢ = %,
1
tspectral—proﬁle Z < 2trel 10g(16n) S Trel IOgn (35)

Let t?}?e\é\éral—proﬁle be the spectral profile for the simple random walk. Then [HS20] show that it is possible

to bound the L* mixing time for the full process by the spectral profile as follows.
Theorem 3.3 (Theorem 1.2, [HS20].). There exists a positive constant ¢ such that for all graphs G and
all (11,p) € (0,1]* we have for all € € (0,1)

/

full, (11,p) (00 ¢ c
t (h:p):( )(5) < ;;; tssl:i\é\éral-proﬁle(g) + i| log(l _p)‘ (36)

mix

12



In the context of the L°° mixing, the 1os(1=P)l cannot be removed because the L™ mixing time is at least

of this order. Nonetheless, through some effort, one can remove the term for the mixing time (i.e., the total
variation mixing time) and get the following theorem.

Theorem 3.4. There exists a positive constant ¢ (same as the above theorem) such that for all graphs G
and all (u,p) € (0,1)% we have for all ¢ € (0,1)

full, (u,p) Cg SRW
t ) < t 3 3.7

mix spectral-profile

Another important quantity in our analysis is the relaxation time t,., which is defined as the inverse of the

spectral gap (the smallest positive eigenvalue of —£). We denote the relaxation time for the full process by

") and for the simple random walk as 153

mixing times.

. The following result closely relates the relaxation time to

Proposition 3.3. Consider a reversible Markov chain on a finite state space ) with stationary distribution
7 then for all ¢ € (0,1):

tre 108(€) < i (¢/2) < 115 (€) < tra [log((min(x))e)].

mix

Remark. Before we move into the proofs, we would like to bring attention to the following point. Even
though we assume the natural condition of ;1 < 1, the same proofs work in the exact same way for p > 1
(both theorems from [HS20] and our theorems in Section 5), but here if there are terms of the form i they

will be replaced by HT“
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4 Comparison of Hitting Times

In this section, we prove the comparison theorem between hitting times. Before we dive into the proof, we
give a high-level idea of the argument.

Firstly, let us assume that = 1. We can do this because of the simple fact that the generator of the full
process satisfies

1
Vo #a' € V' €{0,1}7, L ,)((z.n), (2, 7)) < ;E(u,p)((x,n), («',n"))

As we will see, using this one can transfer estimate from ;=1 to u < 1 at a cost of the factor =1,

We now show that we can also assume 79 ~ m,. One might try to argue this by waiting until all the edges
have refreshed at least once, which takes time roughly log |E| (expected value of |E| many exponentials).
However, even though the edge refreshes are independent of the walker, the environment and the walker are
coupled: the walker's motion depends on which edges are open, and this introduces a correlation between its
current position and the current configuration of edges. For instance, the walker is more likely to be found
in regions where open edges appeared more frequently in the recent past. In this sense, the environment
“remembers”’ the walker, and we cannot yet treat it as independent.

Nonetheless, we show that after a small “cooling-off’ period after log | E| the environment becomes stationary
and independent of the walker. More specifically, we use the fact that 4+ = 1 to show that at some stopping
time slightly larger than the time after which each edge is likely to have refreshed, the environment is
stationary and independent of the walker. This will then define a sequence of stopping times 7; such that we
would have: (A) n;, ~ m, and independent of X, for all i, (B)g =0, and (7;41 — 7;)i>1 are i.i.d. random
variables with well-behaved tails, i.e., such that E[e°] < oo, and (C) Y; := X, is a Markov chain with
the same stationary distribution as the simple random walk (this can be thought of as an embedding of the
SRW in the path of the dynamical percolation walker). We call each 7; a regeneration time and X, the
auxiliary walk.

Since the auxiliary walk is embedded inside the trajectory of the dynamical walker, we use it as a bridge to
relate the SRW and the dynamical walk. More specifically, since the difference of regeneration times have
exponential tails (more precisely we will see that they have mean el/“) by Wald's identity, we would have
that the hitting time from =,y in the dynamical walk satisfies: Evn*?)(T,) < eM/HE3™"P)(T,). We use
a variant of this for commute times. To finish, we need an upper bound on the auxiliary commute time by
the simple random walk. We do this by noting that the transition matrix of the auxiliary upper bounds the
simple random walk transition matrix by a constant factor, and conclude.

4.1 The auxiliary walk

We start towards formally defining the auxiliary chain. Let G = (V| E) be a graph with vertex set V' and
edge set £ = {e1, ez, --e,}. For every edge, we create an infinite number of (formal) copies €;1,€;2,- .
Now start with (Xq,n9) ~ 7 x m,. For every time ¢ we now define a time-evolving set which has all the
memory of the walker; we call this set the infected set R;. Initially, Rg = () and if R,- = A and the
exponential clock of X rings at time ¢ we add to R; the edge that X examines to cross at time ¢. If this
edge already exists in A, then we add its lowest-numbered copy not in A.

Now we can order the edges of R; as follows: assign label 1 to the edge with the lowest label in F, if
some of its copies are also in R; then simply use the ordering of the copies of that edge. Continue like this,
assigning a label to the second-lowest edge and so on.

14



When R,- = A, then assign exponential clocks of rate ;i to the edges of E that are not in A and generate an
(single) exponential clock of rate |A|u for the edges in A. When a clock of the edge in E \ A rings, refresh
that edge to open with probability p and closed with probability 1 — p. If the clock associated with A rings,
then choose an index from {1,2,---|A|} (given by the above ordering) pick one edge from A uniformly and
remove that from R;- to obtain R;. If that edge was a true edge (i.e., a member of E) refresh its state.
This naturally defines a coupling of (X, 7n) with the same transition rates as the full process.

We are now ready to define the auxiliary walk.

Definition 4.1. The auxiliary chain Y starting from xq is defined as follows: start ng ~ m, and Xy = xg.
Set Ry = ), and for every t consider the infected edges R;. Define the regeneration times by 7o = 0, and
for i > 0 set

Tiv1 = inf{t > 7, +S; : Ry = 0}

where 7; + S; is the first time after 7; that R; becomes empty. Finally, the auxiliary walk (Y;)ienugoy is
defined as the discrete chain (X,);enu{oy

(3

Remark. This definition, with our construction of the infected set, gives a natural coupling of the full
process (0, 7p), this observation will be very important later to compare the auxiliary chain and the full
process.

Lemma 4.1. We have the following.

(1) (S;)'s are i.i.d having exponential distribution with parameter 1 and independent of (X,);

1 ) )
(2) (7 — 7i—1)i>1 are i.i.d with mean e and have exponential tails.

(3) The process (Xs,ns, Rs) is positive recurrent.

The above lemma, combined with a birth-death chain argument, can be used to show that the auxiliary
walk looks like the simple random walk in the following sense (see Lemma 3.6, [HS20])

Theorem 4.1. The invariant distribution of (Y;) is

4.2 Proof of the hitting time comparison

We are now ready to prove the hitting time comparison. Recall the following notion of commute times and
return times for an irreducible discrete-time Markov chain (Y%).

Tr=inf{t >1:Y;=a} and Ty, = inf{t > T}, : V; = a}
For reversible chains, we have the following well-known principle.

Theorem 4.2 (Dirichlet’s Principle). Let Y be a reversible Markov chain on a finite state space Q0 with
transition matrix P and stationary distribution . Then for all a,b € Q we have
1 o
= in
Ea(Tha)  f:f(@)=1f(b)=00<f<1

gP(f?f)

Since the auxiliary chain is not proven to be reversible, in order to use the above result, we need to work
with its symmetrization. Thankfully for its additive symmetrization, we have the following result of Doyle
and Steiner [DS17].
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Proposition 4.1. Let Y be a Markov chain on a finite state space € with transition matrix P and stationary
distribution 7. Let P* be its time reversal then its additive symmetrization is given by S = P+TP*, and for
a,b € Q) we have,

E; (Toa) = Eq (Tba)

Proof. Let v(x) = P, (T, < Tp), then we know that v is harmonic on Q\ {a, b} and El'(T},) = 7(a)PE (T}, <
T.F). Since v(b) = 0,v(a) = 1 by Dirichlet’s principle we get that
1 1

m =E&p(v,v) = Eg(v,v) >

O

For showing the second part of the theorem, we would need the following lemma, which is similar to [Her18],
page 12.

Lemma 4.2. There exists a positive constant ¢ so that for any reversible Markov chain on a finite state
space ) with stationary distribution 7, for all A C € we have that

max Ex(TA) < EW(TA) + Ctmix
€

Proof. Aldous [Ald82] introduced the following notion of mixing. Define
tstop = max inf{E,(T") : T randomised stopping time s.t. P,(X7 = y) = m(y) for all y}.
xX
From [Ald82] it can be shown that for every = there is a randomised stopping that achieves the infimum

above. Let z € Q and let T, be a stopping time such that P,(Xy € A) = ©(A) for every A. Then,
Ez(Tz) é tStOp and

]EI(TA) < Ex(Tx) + Ex(maX(TA - Tx, O)) < tstop + EW(TA)
Since, Ex(max(Ty — T3,0)) < E,(inf{t > T, : Xy € A} —T,) = E(T4). Finally, [Ald82] also tells that
tstop < Ctmix. Therefore, max,cq Ey(Ta) < Ex(Ta) + ctmix- O
The plan is to compare the auxiliary walk with the simple random walk using the Dirichlet principle. For
that, we need the following bounds on transition probabilities of the auxiliary walk.

Proposition 4.2. Consider the auxiliary walk (Y;) with parameters p,p. Denote its transition matrix by
Paux,(up)- Then for all z,y such that for {x,y} € E we have

pu
Paux,(u,p) (ZE, y) > PSRW(:Ea y) 1+pu
We also have, ( ) ( )
Pa'-'x (up)\ T Y +P:ux( LY
? ? ) ) lu‘zp) ? p/'l/
> P —_
5 > SRW(may)1+M

Proof. Let us say that at time 0 we start from the stationary distribution and and walk coordinate .
Consider the event that the first attempt of the walker is to jump to y and then the edge {x,y} refreshes
and then the walker jumps from y back to x. This event has probability atmost P,ux(z,y) and atleast
P(choosing to jump to y) x P(the edge{x, y} is open) times the probability that the edge refreshes and the
infected set becomes empty before the walker’s clock rings. This probability is Pspw (<, y)pﬁ

Since ﬁ is the probability that a clock with rate u rings before an independent clock of rate 1. O
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Let us now show the proof of Theorem 3.2

Proof. We first start by showing that the regeneration time is approximately log|E| up to constants that
depend on p.

The worst-case regeneration time is achieved when we start with Xy = x and g = 1 and the infection
process starts with all edges infected, i.e., |Ro| = |E|. Then the regeneration time 7 will be the time taken
for the number of infected edges to be 0. It is clear that | R;| evolves as a birth-death chain with parameters
q(i,i+1)=1and q(i,i — 1) = pi for all x,n.

Thus we get that E(7) <, log|E|. Now 7, is distributed according to 7, and is independent of X. This
is because in our edge set there are two kinds of edges, ones that have never been examined by the walker

and ones that have been. The ones that have never been examined are independently distributed as Ber(p).
The other ones are also Ber(p) by considering the last time it was examined before 7.

Therefore, we have,

full, (1,
thit’ ) < w(r )‘i‘m%XE( )( Tyxi0,132)

Consider the auxiliary chain with parameters p, p and let S, x denote its additive symmetrization. Then by
Proposition 4.1 we have Es(f, f) > 1+#SPSRW(f f) for all f € RY. This, combined with Theorem 4.2,
gives us, for z,y € V,

I S, SRW
P B (T) < BFV(Te)

Thus by Proposition 4.1,
F2ux(1:p) (Tye) < ES: (1) (Tyer)

Now consider the commute time of the dynamical walker in the full process, i.e.

Ti' = inf{t > T, o135 : X = x}

Now using the coupling of the full process started from (d,,7,) with the auxiliary chain started from z, we

obtain
Tye

fII § :
Tyu Ty — Ti— 1

Thus by Wald's identity,
H ( p) (full 1/
— BT, ) < e /MK,
So finally,

full, (1, 1 srw 1 srw
it (rp) <u pthm +log |E| S Ethit

Where the final inequality holds because tﬁﬁw > |V| — 1 holds always (we see this later as well).

Proof of second inequality. We now show the second inequality. Let 2,4 € V and n € {0,1}¥. Then by
Lemma 4.2,

full
EWP)(T,, o1ye) < et L EWP (T 0 1ye)

Now, for any set A we know from the quasi-stationary distribution p4 (see [AF02] for details) that

1
E;l:ﬁ%’(TA) <Eu,(Ta) = E = mxang(clfz’,p) (Ta)
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Applying this to A =y x {0, 1}¥ and using the fact that Ay (1) > puAa(1) by the extremal characterization
of the eigenvalue, combined with our earlier comment about the generator. Thus we have

1 .
Egr?ﬁﬁ)z)(Tyx{o,l}E) < R < =t (1,p)

Therefore, )
R (1:p) (T,xgoye) < Ct;‘i'i';((mp) + E#p) (T o1ye) < ctfull(np) 4 ;tfulh(LP)

z,m TCull P mix hit

4.3 Informal comments about proof of Theorem 3.3

In order to keep this essay concise, we do not go into the details of the proof establishing a comparison
principle of the mixing time and the spectral profile of a simple random walk. Essentially, the authors
in [HS20] want to use the auxiliary chain as a bridge to compare the simple random walk and the full
process. Firstly, it is clear that even though the auxiliary chain might be non-reversible, due to the relation
that we developed between the transition probabilities of the auxiliary walk and the simple random walk
we get a relation between their Dirichlet forms, and so, we can compare their spectral profiles (and thus
tspectral—profile)- T his is step one of their proof, they compare the auxiliary walk with parameters (1, p) and
the simple random walk.

Now, it is important to realise that the same trick with the Dirichlet forms will not work directly when trying
to compare the full process and the simple random walk directly. This is because that method fundamentally
works only when you are on the same (or similar) state spaces. To get around this, the authors in [HS20]
first compare the auxiliary walk with the simple random walk like above, and then compare the spectral
profiles of the full process and the auxiliary walk directly using a probabilistic interpretation of the spectral
profile in terms of hitting times. This interpretation relates the spectral profile at w(A€) to the exponential
decay rate of the tail of the hitting time T4, when the chain starts from the stationary distribution. More
precisely, controlling E,  [exp(cT4)] allows us to control the spectral profile of the full process.

With the above idea in mind, for every A C V x {0,1}¥ they consider the set B C V given by
B = {veV:m(Env(v,A)) > 1} where Env(v,4) = {n : (v,n) € A}. Using the fact that m(B¢) <
Tl (u,p) (A°), the authors relate the hitting time of B to the hitting time of A and thus get a relation
between the spectral profiles by the above interpretation. We omit rest of the technical details and refer the
reader to [HS20].

Remark. Let C, ,, C’Ejﬂ’(“’p) be the commute times of the simple random walk and the random walk on
dynamical percolation. Then, note that the first argument above shows in particular a comparison between
commute times of the dynamical walk and the simple random walk

1

Cry ™" S » Cuy

~

In fact, we showed a comparison for the auxiliary walk and the simple random walk. Note that in the
transitive graph setting, this leads to a pointwise comparison for any z,y. That is,

1
Ee(Ty) Su EEZ“X’(“ NT)

Note that from Theorem 3.3, we also have that

1

spectral—profile
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5 Comparison of Cover Times

In this section, we study the comparison principle between the cover times of the simple random walk (SRW)
and the dynamical percolation walk. This addresses Question 1.12 of [HS20].

In particular, we show that Question 1.12 holds (in the positive) for several natural families of graphs. That
is, for each of the sequences (G,,) in the families below, there exists a constant C'(1) > 0 such that for
every graph in the sequence (G,,) and for all p € (0, 1], we have

(G, < ij‘) LSRG,

The constant C(pu) is uniform over all graphs in the sequences within the family. This confirms the com-
parison principle for the following classes:

e Uniformly locally transient graphs (ULT). These are graphs that are the finite analog of transient
graphs.

e Cayley graphs of abelian groups
To illustrate the vast breadth of ULT graphs, we also focus on the following important subclasses.

e Rapidly mixing vertex-transitive graphs

e Vertex-ransitive graphs with diameter satisfying D? > n/logn (For instance, Z& for d > 3)
It is natural to ask whether there is a graph that is ULT but not in the above subclasses. We show that
certain special graphs (namely, the product of a highly transient graph, Ramanujan graphs, and a highly

recurrent graph, the cycle) are ULT graphs that do not belong in the above classes, despite also being
vertex-transitive. We also give an example of a high-dimensional graph, which is not rapidly-mixing.

To end, we also give a more hands-on proof (avoiding the abelian group result) for: the tori Z, and Z2.

5.1 Transient Graphs

The first class of graphs we work with are what we call uniformly locally transient (the nomenclature is
inspired by [BHT22], and the reason for it is pretty obvious from our definition and the discussion below).
Consider a sequence of graphs (G, )n>0 of diverging sizes (i.e., |V;,| — 00). It is unclear what the correct
analog of transience is for a sequence of finite graphs. Aldous [AF02, Chapter 4] discusses that a natural
notion for transience in finite graphs is when E.(T;) = O(n), in this essay, we define the following stronger
notion of transience.

Definition 5.1. We call a sequence of graphs G,, of diverging sizes uniformly locally transient if

max E (T;) = O(n)

One can ask why we choose this to be the natural analog for transience in the finite setting. This can be
explained as follows. The concept of transience in the infinite setting is typically defined by the condition

/ P, (X; = x)dt < oo,
0
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which expresses the finiteness of expected returns to a point v over infinite time. Consider our definition for

bounded degree graphs, (we have m < 1). It is not hard to see that for a vertex z,

n_lEﬂ(Tx) = /OOO(IP)I(Xt =uz)—m(x))

So the transience condition is equivalent to the boundedness of the above integral. Which can be thought
of as a reasonable analog to the boundedness of the integral in the infinite setting if we think of “mixing”
as “reaching infinity”. Another advantage of our definition is that it also has the following equivalence.

Proposition 5.1. A sequence of graphs G, of diverging sizes uniformly locally transient if and only if

R(Grn) = max, y Re(x,y) < d(ln) where dg@ is the average degree of G,,.

ave

Before going to the proof of this proposition, we denote Cy,, = E,(T}) + E,(7;) as the commute time
between x,1y. We now list a series of lemmas that would be useful to prove the required result.

Lemma 5.1 (Commute time identity). C,, = 2|E|R,,, where R, is the effective resistance between x

and y.

We shall also need the following well-known resistance lower bound.

Lemma 5.2 (Resistance lower bound). Let x,y be vertices in a graph G, then

(1) If x and y are not adjacent, then R, > @ + @.

1 1
deg(z)+1 + deg(y)+1-

Lemma 5.3 (See, [AF02]). For any graph G,

(2) If x,y are adjacent, Ry, >

max E(T,) < tt7-Y(G) < 4max E,(T})
x xr

Proof of Proposition 5.1. The commute time identity states that
Ez(Ty) + Ey(Tm) = 2‘E‘Reﬂ:($7 y) = ndaveRefF<$v y)

So tﬁ{‘;w = O(n) if and only if R(G) < i. Now by Lemma 5.3, max, E;(T,) < t}SliF,‘ZW < 4dmax, Er(Ty),
and by Lemmma 5.2, and by considering x, y such that one of them has degree > d,. we have tﬁi'fw > n.
Thus thi = ©(n) and the conclusion follows. d

In the vertex-transitive setting, it can be shown that our definition of transience matches with the following
definitions. See the discussion in [Her18].

Theorem 5.1 (Equivalence of definitions). Consider a sequence of transitive graphs G,,. Then the following
is equivalent.

(1) (Gy) is uniformly locally transient
(2) ming, yev (G, )wpy) P Ty > Ty < 1, where T,f = inf{t : X; = x, X, # x for some s < t}.

(3) The local time upto relaxation is bounded: max, ycv(q,) fg’e’(G”) PE(z,x)dt = O(1)
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In [BHT22], Nathanaél Berestycki, Jonathan Hermon, and Lucas Teyssier discuss a notion of weakly uni-
formly transient graphs. These are graphs defined as having local time up to mixing uniformly bounded.
More specifically,

Definition 5.2. We say that a sequence of vertex-transitive finite graphs (G,,) of bounded degree, (with
the SRW having transition matrices P = P") and stationary distributions = = m, ) is weakly uniformly
transient (WUT), if

max E.(Ls(t)) = O(1)

where t = tmix(1/4), and L,(t) := fg 1¢x,—4) ds is the local time of the walk at x up to time t.

Remark. Let T}, be the hitting time of y. Since

E;[Li(y)] = Eqy

Yy

/T Lix.=y) ds] =E,; [Ey [Lt—Ty (y)]] < E; [Ey[Le(y)]] = Ey[Le(y)]

Therefore, above we can take the maximum over all pairs.

During our initial exploration of transience in the finite setting, we thought that they serve as a natural
analog for finite transience. This is indeed the case: using methods from [TT20] it is easy to see that these
graphs are equivalent to having uniformly bounded resistance and hence are uniformly locally transient. So
they are indeed a subclass of the graphs that we are considering.

Our definition also fits well with early discussions about transience in the finite setting. From above, we can
observe that the hitting time is always at least linear in terms of the number of vertices. Aldous and Fill
[AF02] discuss that having a linear upper bound on the hitting time is a natural analogue of transience for
finite graphs. Since we have by the commute identity that E,(7},) + E,(T) = ndaveRa,y, the proposition
above shows that the notion of locally uniform transience and the transience of Aldous and Fill are the same.

The following is the analog for the theorem on hitting time comparison from [HS20] and a step towards
answering Question 1.12 of [HS20].

Theorem 5.2 (Cover time comparison with SRW). Let > 0 and (Gy,)n>0 be a uniformly locally transient
sequence then there exists a constant ci(j) so that for any finite graph G which is part of (Gy)n>0 and all
p € (0, 1] we have that

full -1
o HP) < cip Mgy (5.1)
In fact, we will see that t2RW =< nlogn where n = |V(G)] so, Rl (kp) c1p~'nlogn. We shall now prove

the following result, which follows from Feige's lower bound for any n-vertex graph [Fei95]. To keep this
essay concise, we do not go into the proof but refer the interested reader to his elegant proof [Fei95].

Theorem 5.3 (Feige, [Fei95]). Let G be any graph with n vertices then tco, > nlogn

Proposition 5.2. Let (G),) be a uniformly locally transient sequence, then te.o, = ©(|V (G,)|log |V (Gy)])

Proof. The upper bound follows from the fact that the hitting time is of order |V (G),)| combined with
Matthews upper bound, and the lower bound follows from the above theorem. O

Let us first see how Theorem 5.2 readily follows.
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Proof. Let (G,) be a uniformly locally transient sequence. From propositions above, tpiy < |V (G)|. Now
consider the following chain of inequalities

full, (i, C1
full ep) < Pl p) 100 () <  log(n) toRW

This is a consequence of Matthew’s upper bound in dynamical percolation combined with the hitting time
comparison of [HS20]. Now from Feige's result, since the hitting time is of the order n and the cover time

is at least nlogn, we have that tfsvw > t}SliFiW log n, therefore by Matthews bound, we get that

SRW _ ,SRW
log(n) thit - tcov

Thus, )
log(n) 7§SRW < 7tSRW

hit  ~ cov

C
0D S (0 log(n) <

5.2 Examples of Transient graphs

Let us now describe some examples of uniformly locally transient graphs. Throughout this subsection, let
(G,) be a transitive family. Let the degree of G,, be A,. We start by recalling the following result from
the remarkable paper of Tessera and Tointon [T T20].

Theorem 5.4. Let G be a finite, connected, vertex-transitive graph of degree A. Then

1 diam(G)? 1 diam(G)?log(|V(G)|/A)
A T AW ~ e = maeyRe(r.y) S ¥ V(G '

Definition 5.3. We say that a sequence of transitive finite graphs G, is high-dimensional, if the diameter

of G,, satisfies,
, V(G)|
diam(G,)?> = O <|> .
(Gn)" =0\ g ViG]

It is clear from Theorem 5.4 that for these sequences R(G) =< A%z and thus these sequences are uniformly
locally transient and therefore the comparison theorem for cover times holds for these graphs.

An important example is the high-dimensional torus, i.e., (Zg)nzl for all d > 3. If a graph sequence
is not high-dimensional, the diameters roughly satisfy diam(G,) = O(\/|V(G,)|), which we think of as
2-dimensional. Therefore, high-dimensional graphs can be thought of as graphs with “dimension” > 2.

It turns out that under the assumption of bounded degree for these high-dimensional graphs, we get much
more refined comparison principles, where the dependence on . becomes more explicit.

Theorem 5.5. Let A > 0. Then for a high-dimensional sequence (G,), which is also transitive, with
bounded degree A there exists a constant co(A) so that for all graphs in (G,) and all (u,p) € (0,1]* we
have that

g ) < e (pup) R (52)

We also have the following comparison of cover times, for some c3 = c3(A),

o P < e(up) T toon” (5.3)

cov
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From our methods above, we know that the comparison principles for the cover time effortlessly go through
for uniformly locally transient graphs given the comparison principle for hitting times. This is simply because
t3RW — Jog |V(Gn)|tﬁ{§w. Thus, we focus on getting a comparison principle for the hitting times.

cov

To the best of our knowledge, such a comparison is still open in full generality. However for we can show
this for all high-dimensional graphs of bounded degree by the following theorem.

Theorem 5.6. Let A > 0. Then for a high-dimensional sequence (G,), which is also transitive, with
bounded degree A there exists a constant cg(A) so that for all graphs in (Gy,) we have that

SRW SRW
tspectral—profile < Colpig (5'4)

First, let us see how Theorem 5.5 follows from the above theorem.

SRW <

SRW
spectral-profile = C6%hit then by Theorem 3.4 we have

Proof of Theorem 5.5 given Theorem 5.6. Suppose, t

7jfull,(,u,p) 5 (,up)_l SRW

mix hit
Now the result follows with the comparison theorem for mixing times (equation 3.2), i.e.

full, (11,p) —1,SRW
thit a ,S(,up) hit

Let us now prove Theorem 5.6.

Proof. Let (G,,) be a sequence of high-dimensional graphs of bounded degree A. Then, by an inequality of

Chung, (see [Chu97]) we have £3RW(G,,) < A diam(G,,)2. Thus we get that £2RW(G,) = O (%)

and therefore t3RW (Grn) = O(IV(Gn)|) = O( }SnFéW)- =

spectral—profile

5.3 Rapidly mixing vertex transitive graphs

As we saw above, the main thing required for our method to work is that the Matthews inequality is tight. In
the original paper [Mat88], Matthews believed that this should be the case for all rapidly mixing sequences.
These are sequences (Gy,) such that t2XW = O(n!=%) for some § > 0. Zuckermann [Zuc90] then showed
that this is indeed the case for all vertex-transitive rapidly mixing graphs. Therefore for all those graphs we
have,

SRW SRW
thit 10g n 5 tcov

Therefore, by the same proof as above, we would have the following comparison theorem.

Theorem 5.7 (Cover time comparison with SRW). Let i > 0 and (Gy,)n>0 be a rapidly mixing sequence
then there exists a constant c;(j1) so that for any finite graph G which is part of (Gy,)n>0 and all p € (0, 1]
we have that

i) < erp TSR (5.5)
There are two ways to show that Matthew is tight for these graphs. First, a slightly less exciting way to use
the following lemma.
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Lemma 5.4 (Proposition 13.7., [LP17b]). Consider random walk on a graph G with n vertices and diameter
D. Let 7 denote the stationary distribution. Then, if n > 64

D2

tmix(1/4
mix(1/4) = 12logn + 4|1og Tmin|

In particular, for transitive graphs, we get a bound of D?/logn analogous to simple graphs.

Thus, all rapidly mixing graphs satisfy D? < logn n!=%, thus, they are high-dimensional and therefore
uniformly locally transient, for which the Matthews bound is tight and comparison principles hold.

A more satisfying approach is to use the adaptation of Matthews lower bound and to prove it using a direct
approach. We show this now.

Lemma 5.5 (Refinement of Matthews lower bound). Let G = (V, E) be a graph and let S C V. Lett
be such that for each x € S at most m vertices y € S have a bad hitting time from x, i.e., they satisfy
E,(T,) <t. Then for each z € S

IEz[Tcov] >t (10g(’5|/m) - 2)'

Therefore teoy >t (log(]S|/m) — 2).

Proof. We want to show that for any z € S,

E.[Tcov] > t(log(|S|/m) — 2),

We fix the starting vertex z € S. Let 0 = (c(1),---0(|S| — 1)) be a permutation of S\ {z}, chosen
uniformly. Define T}, as the first time all of o := {0 (1),---o(k)} have been visited, and Ry, := T}, — Tj_1.
By symmetry, we have P[RRy, # 0] = %, since the probability that o (k) is the last of o to be covered is 1/k.

Condition on the walk up to time T},_1, and 03— and let i := X7, _,. We have
E.[Ri|Ry # 0, X1y, = 1] = Ei[To)]

and by assumption, the proportion of bad vertices is (this is very we deviate from Matthews proof),

m
PIET, ] < 1] <

Now, by writing, E.(Ry) = E.(Rk|Rxr # 0) we can lower bound, by Markov's inequality,

E.[Ri] > t(P.(Ry # 0) — P(Es[T,1)]) < t)) > <]1f _ ’Tg|>

Summing over k < |m|/b,

S|/m

[Sl/m 1 m
> B 20D (1 fgy) 2 00ndstym 2

Thus, we obtain,

Sl/m
2[Teov] > Z [Ry] > t(In(|S|/m) — 2),
k=1

as desired. O
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Let us now present the proof for the discrete simple random walk. This will not create any issues since in
continuous time, the cover time satisfies

discrete
Teov

EED I
Where T; is the clock of rate 1.
Then by Wald's identity, for any vertex v,

Ev (Tcont) — Ev (Tdiscrete) — tcont — tdlscrete

cov cov cov cov

Therefore, we can safely assume that we are working with the discrete simple random walk. Let us now
proceed with the proof.

cov

Theorem 5.8. Let (G,,) be a sequence of graphs such that t>fW = O(n1=?) then 2}V < logn RV

We start by recalling the following spectral decomposition.

Theorem 5.9 (Spectral decomposition of reversible chains). Let P be reversible with respect to . The inner
product space (R®, (-,-)) has an orthonormal basis of real-valued eigenfunctions ( f;) j<|s| corresponding to
real eigenvalues ()\;);<|s| and the eigenfunction fi corresponding to A\1 = 1 can be taken to be the constant
vector (1,...,1). Moreover, the transition matrix Pt can be decomposed as

|S|

L_leij

In particular, we have the above for the simple random walk on a graph. The above lemma helps us to
conclude a bound on the L' distance of the transition probability and the stationary distribution.

Lemma 5.6. For allt > (k + 1)t logn, we have

|P(z,y) — m(y)| <n*

Proof. By the above spectral decomposition we have that,

|P!(2,y) — 7(y)| < Z ) fi@) [l < z L < n(W)! < neti

Where A* = max{|\;| : k <n} and t,q = 5= O

Lemma 5.7. Suppose that te < n'=% for § > 0. Then for any e >0 and any z € V,

B (1) 2 (1= o()blogn-min B, () m() < 125

n

Proof. We use the refinement of Matthews lower bound with ¢ = (1—0(1)) xmin {E(T}) : y m(y) < e}

n
Let V' = {z : m(z) < 2=} be the set of vertices with small measure. Since >, ™(y) =1, it is clear that

VAV < gz 50 [V > (1 )n Now, for a fixed z, define J, = {y P, (Ty < 5treilogn) > loé;n}

Since, the number of vertices V|5|ted till time ¢ is obviously less than ¢, we have

Z Px (Ty < 5trel log n) < 5trel IOg n
Yy
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~ logn
distribution after the first 5t logn steps starting from z. From the above lemma

Thus |J;| < 5te(logn)?. Now for any y € V' \ J,, we have E,(T}) > (1 L )E,,(Ty) where v is the

vy) =7 <™t = viy) = 7(y) - % > n(y) (1 - n4i(?;)>

Since, 7(y) > % we get, v(y) > w(y) (1 — %) Finally, E,(T,) > (1 — %) E-(Ty), so E,(T}) > t.

Therefore, V' is the set of vertices such that |V’| > n(l—l—ia) more over at most m = |.J,| < 5t(logn)? <
5n' % (log n)? vertices y satisfy that E,(T}) < t. Thus, we have the result from the refinement of Mathews

lower bound for V', m, t. O

In general this will show that

1
4lognmax {E.(T,) : y € V} > t3RW > §log n min {IE,,(Ty) cym(y) < i E}
n

where the first inequality is the Matthews upper bound combined with RV < 4max {E.(T},) :y € V}.
The first inequality is general, and the second holds in the rapidly mixing case. Combining our ideas above,
we would get,

Clogn 4C'logn
) < togn 00 < 108 w10 Togn

< max{E.(T,) :y € V}

pp e

Therefore, to get a comparison principle, we would need an upper bound by the cover time of the maximum
hitting time started from 7, we have such a bound for the minimum over some vertices. If that's the same
order as the maximum, then we are done. One class of graphs which smooths over these variation issues
between expected hitting time is transitivity, in particular for transitive graphs we have that E.(7}) does

not depend on y. Therefore, we get a cover time comparison for all transitive rapidly mixing graphs.

5.4 Cayley graph of Abelian groups

Let G be an abelian group. We also refer to its Cayley graph as G. Following Remark 3.7 of [HS20] and
using the celebrated paper [DLP11], we show that the cover time comparison holds for abelian groups.

We first start by stating the result of Ding, Lee and Peres that gives us a comparison principle for cover
times of two reversible walks on the same state space.

Theorem 5.10 (Comparison theorem for cover times, Theorem 1.6, [DLP11]). Suppose G and G’ are two
graphs on the same set of nodes V', and Cg and Cq are the distances induced by respective commute
times. If there exists a number L > 1 such that Cg(u,v) < L - Cgr(u,v) for all u,v € V', then

75cov(G) S O(L) : tcov(G/)'

The adaptation of this theorem to our case of the auxiliary walk and the simple random walk is the following.

Theorem 5.11. Suppose G be a graph with vertex set V' such that the auxiliary chain is reversible. Let
Cg and C&™ be the distances induced by the respective commute times of the SRW and the auxiliary walk.
Then we know that Cq(x,y) Su %Cg”x(x,y) and thus from above we have comparison for auxiliary and
simple random walk and thus

full,(w, C SRW
tctcl)v (1:P) gu 7tc0v :
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Where is reversibility of the auxiliary walk needed? We need the commute time to be a distance, which
happens in the reversible case.

Lemma 5.8. Let G be an Abelian group, then there is a graph automorphism ¢ such that for any x,y,x # y
¢(x) =y and ¢(y) = x. Thus, the auxiliary walk is reversible.

Proof. Consider the map ¢(g) = xyg~'. Let G = (S|R) be our Abelian group. It is clear that ¢ is a
bijection, now if gh~! € S we need to show that ¢(g)¢(h)~! € S. Since ¢(g)p(h)~ = xyg~tha~ly~1 =
(gh=1)"t € S, ¢ is a graph automorphism.

Since the dynamics and the transitions at the regeneration times are all automorphism-invariant we have
P2 (x,y) = P"(p(z),d(y)) = P>**(y,x) and thus the auxiliary walk is reversible since the stationary
distribution is same at each vertex. O

Therefore, we are done.

5.5 The one and two-dimensional tori

The cases for the one and two-dimensional tori follow from the result on the Cayley graph of Abelian groups.
But this may seem like an injustice given the simplicity of these cases, therefore, we show a hands-on
approach, which combined with our analysis of transient graphs, gives the comparison principle for (ZZ)@O
for any d.

The 1-dimensional torus. First, we show it for (Z,,),>0. We consider the auxiliary walk (Y;);>0 = (X7,)i>0
on the n-cycle Z,,. Let x be a fixed vertex and y its antipodal point (i.e..y =  + |n/2]| (mod n)).

Define stopping times:

=0, G=inf{t>0:Y, =y}, =inf{t > :Yi =z}, -

Each interval [C2;, C2i42] is a full commute: © — y — x. There are two arcs between z and y: the clockwise
arc A and the anticlockwise arc B. To go from z to y, the walk must fully cover one arc. On the return
y — x, it again fully covers one arc. Thus, after one commute, if the walk switches arcs, it has covered
the entire cycle. There are four direction combinations, in two of them (when you switch directions) we
cover the cycle. So at each commute time between x, y by symmetry, there is a 50% chance of covering the
cycle. Let N be the number of commutes until full coverage. Then:N =<4 Geom(p), E[N] < zl) = 2. The
expected time per commute is: E[(y — (o] = Ey[7y] + Ey[7:], where 7, is the hitting time of y from z. By
Wald’s identity:

!

C
B2 (reo] = EIN] - (E2¥(T;) + E™(T,)) < 41"

Since for the simple random walk on the cycle, the cover time and the hitting time are of the same order
we get £l (o) (Zy) < Ct3RW(7Z,.).

— p cov
The 2-dimensional torus The proof here follows from the fact that Matthews is tight! More specifically,
toRW(7Z2) < logn t5RW(Z2). In fact, the cover time is n%(logn)? and the hitting time is n% logn. Therefore
we have

hit cov

Cl1 C
ti%'l’(“”’)(li) <logn t;ﬂ!’(“’p)(zi) < :pgntSRW(Zi) < ;M) tSRW(Zi)

We refer the reader to [LP17a] for a proof of the above classical fact. The idea to show that for the set
A = {(z,y) : x,y are multiples of\/n} and any two points a,b € A the hitting time is of the order tyj.
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Then, because this set is also big enough (order ~ n®), we get the above from Matthews inequality. This
gives us a hint as to when Matthews can be shown to be tight, we need to find a large enough set with
good hitting times for all pairs (this is exactly what we did in the rapidly mixing case).

5.6 Relation between different families

In the world of uniformly locally transient sequences, we studied 1.) High-dimensional graphs. 2.) Rapidly
mixing graphs. In this section, we give two examples.

A high-dimensional graph sequence which is not rapidly mixing.

Consider (Gp,) = Z2 X Zjogn. Let m = |V(G,,)| = n? x logn. It is not hard to see that the mixing time for
this graph will be of the order n%. So clearly this sequence is not rapidly mixing, but it is high-dimensional,
since the diameter is n and hence

D?logm _ 2logn + loglogn —00).

m logn

A uniformly locally transient sequence which is not a high-dimensional graph sequence.

This is a really interesting example of a sequence of vertex-transitive graphs that satisfy uniform local
transience, but they are not high-dimensional! So they sit write at the border of transience. The idea
is to consider a product of a very recurrent graph with a very transient graph. Let m > 2 be an even
number and consider G,, = C,, X R,, where R,, is an expander Cayley graph of size mloglogm. Thus
|V(Gy)| = m?loglogm. Itis, in general, very hard to show that such expanders exist, but it can be shown
that Ramanujan graphs of degree > 3 do the job (see Morgenstern's generalization [Mor94] of the Lubotzky,
Phillips, and Sarnak construction [LPS88]). The construction is beyond the scope of this essay, and so we
assume that such a graph exists.

Part 1. G, is uniformly locally transient.

We know that graphs that are weakly uniformly transient in the sense of [BHT22] are uniformly locally
transient. So we show that G, has bounded local time up to mixing.

The key idea is to decompose the vertex € G, into coordinates (z(1), z(?)) where () € C,, and
2 € R,,, so that the random walk on G,, becomes a product of independent random walks on C,, and
R,,. The transition probability can thus be written as p;(x,y) = pgl)(:p(l),y(l))pg) (@), y?)), where pgl)
and p§2) are the respective transition probabilities on C,,, and R,,.

For the cycle C,,, we have pgl)(m(l),x(l)) < 1/4/t+ 1, while on the Ramanujan graph R,,, the spectral

gap A > 0 allows us to bound ’pgz)(;v@),x@)) - 7r(2)(a:(2))) < e M. Using these bounds and integrating

pi(z,2) from s to tmix, shows that E [Ly(tmix) — Lz(s)] tends to zero as m — oo, since m? < tmix and
h = h,, — o0o. This establishes the desired transience condition uniformly in m. We omit the details and
refer the reader to [BHT22].

Part 2. (G) is not high-dimensional

This is clear because the diameter of GG,, is m, and so

D?logn  (2logm + loglog m)m?
= — 00
n m?loglogm
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6 Random walk on dynamical percolation on moderate growth graphs

The graphs that we dealt with in the last two sections were uniformly locally transient graphs. We explained
how graphs with small diameters were ULT, and thus, the only graphs that are left are the graphs with large
diameters. Even though we are not able to give comparison principles for cover times in this setting. We
present the discussion in [HS20] about these graphs. We shall be restricting our attention to vertex-transitive
graphs.

Let G = (V, E) be a graph with n vertices. Denote the volume of the ball of radius r by V(r). Following
[DSCY94] we say that G has (c,a) moderate growth if V(r) > cn(m)“ for all r. Before starting, with
our results, we state a result of Tessera and Tointon, which formalises the statement that these are exactly
graphs with large diameters. More specifically, we have the following result of Tessera and Tointon from
[TT21].

Theorem 6.1 (Corollary 2.8, [TT21]). Let G be a finite connected vertex-transitive graph of degree d. If
G has (c,a)-moderate growth, then

. L (V@D
dlam(G) Z m ( d+ 1 . (61)
Conversely, for every § > 0 there exists ng = ng(d) such that if diam(G) > ngy and
0
diam(G) > <‘Z(—i-Gl)’) , (6.2)

then G has (Os(1), O5(1))-moderate growth.

The above result tells us that having a large diameter (more precisely at least polynomial in the number
of vertices) is equivalent to being of moderate growth. We also recall the following result of Diaconis and
Saloff-Coste.

Theorem 6.2 ([DSC94]). Let G be a finite connected vertex-transitive graph of degree d. If G has (c,a)-
moderate growth then,
—1,5RW,(c0) . 2 SRW SRW, (c0)
d tmiX SCL,C dlam(G) SCL,C trel S tmix
The aim of this section is to present a similar theorem of Hermon and Sousi which relates the relaxation
time and mixing time of the random walk on dynamical percolation with the relaxation time of the simple
random walk, under some mild conditions on the percolation cluster of G.

Let the percolation cluster of = be K, and its edge boundary be 0K,. Define M, := m,(|0K,||K:|?) <
7p(|Kz[?), and N, := 7,(|Kz|). These are precisely the expected sizes of |0K,||K,|*and |K,| under the
percolation measure m,. Note that by vertex transitivity, they do not depend on z. Then we have the
following theorem.

Theorem 6.3 ([HS20]). For any a,b,c € Ry. Let G = (V,E) be a connected vertex transitive graph
of degree d, having (c,a)-moderate growth. Suppose that |log(1 — p)| < diam(G)?, M, < b and N, <

diam(G)/8. Then,
full,(w,p), — full,(p,
tr:ix(u p),(c0) =abed (D) 1 rSEITW S tr:l (m p)'

Moreover, even if p is not subcritical, we still have that

full,(u,p), —1,SRW
tr::ix('u P)() Sa,c,d (:U’p) ! rSeI .
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Graphs with D? = O(|V(G,)|)

Graphs with D? = Q(|V(G,)|)

Graphs with D? = o(|V(G,)])

Includes graphs
which are fast-growing/

2-dimensional graphs

All graphs here have

high-dimensional moderate growth.

e High-girth expanders
o (Zp, X Zy,) form Sn

Figure 5: The universe of graph geometries. Blue represents all graphs with diameter = O(|V(G,,)|). Pink
represents all graphs with diameter Q(|V(G,,)|). All high-dimensional graphs reside in the blue space, since

D? =0 (%) = o(|V(Gy)|). By the equivalent diameter condition, all graphs in the pink space
have moderate growth. We refer to graphs at the intersection as 2-dimensional due to their diameters being

of the order /|V(G,,)|.
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The condition on p should be thought of as being in the subcritical regime. We note that this condition is
not that restrictive and usually follows under the assumption diam(G) > 1.

Before going into the proof of the above theorem, we start with the following lemma, which is the main
technical piece of the theorem. We know from Chung [Chu97] that the relaxation time is always upper
bounded by the square of the diameter for all vertex transitive graphs. The lemma below tells us that the
matching lower bound also holds for moderate growth graphs.

Lemma 6.1. Let c,a € R. There exists a ¢; = ci(a,c) > 0 such that for any G having (c, a)-moderate

diam(G)

growth, and N, < 7} we have,

Aullup) S c1(diam(G) — 4N,,)?
rel = MpMp

Proof of Lemma. Let K,(n) be the cluster of x in the configuration 7, which we identify with the set of

vertices in it. Fix some o € V' and define f(z,n) := IKzl(n)\ > dg(v,0), which is the average distance

vEK ()
to o of a vertex in the cluster of x. For n € {0,1}¥ let n° be the percolation configuration defined as
né(e’) :=n(e')1(e’ # e) + 1(e = €’). This is the configuration obtained from 7 by setting e to be open.

The idea is to use the extremal characterization of the relaxation time. We first start by computing E(f, f)
for the f above. First note that,

E(f.f) = > m(@)mp(n)up(f(x,n) — f(2,n°))?

zeV, ne{0,1}¥, ec0K,(n)

This is because the values of f do not change when just the walk coordinate changes. By simple computation,
this is now less than

ES N < Y ml@)m(n)| Ke(n®)?

Summing over = and using transitivity,

ELD<m S mIE)P

m eeaKI (77)

Now for z, y such that z,y € E on the event that for{y ¢ K,, © € K,} we have that, |Kéx’y}| = |K,|+|Ky.
Therefore finally we get,

Ef ) =mp Z mll(y ¢ Ko, @ € K,)(|Kz| + [Ky[)?)
zy{z,y}teE

It is easy to see that for all A C V with o,z € A and y ¢ A, if we are given that K, = A then due to
independence, we have that | K| is distributed as the size of a percolation cluster on the induced graph
V'\ A which clearly is stochastically dominated by the law of |K,|. Therefore, we have that E, (| K|*|K, =
A) < Eg, [|Ky|%] and thus by law of total probability and transitivity,

Er,(L(y & A, © € A)|Ky[*[Ky) < B, (|Ky|*) = Enr, (| Ko|*)

Plugging this into what we showed above for a = 2 we get that £(f, f) < 4upM,. Now to use the
variational criterion we need to lower bound the variance of f under g, ;. In particular, we now show that
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Varg, (f) > cac(diam(G) — 4N,)?. Firstly, we have that for all x

dale.0) = S mynf o)) = [ 20 S (dal,0) - dafv0)
n n vEK ()

The maximal difference between dg(z,0) and the average over K, is controlled by the diameter of K,
which is at most proportional to its size |K;|. Taking expectation, we get

lda (2, 0) = Ex, [f(z,n)]| < Ep(|Ke]) = Ny

We lower bound the variance of f by considering two independent samples (X, 7) and (Y,7’) from station-
arity. Define the event A that dg(Y,0) < diam(G)/4 and dg(X,0) > 3 diam(G)/4. By moderate growth,
we know that this event has a probability of at least some fixed b > 0. By vertex-transitivity and moderate
growth, any ball of radius diam(G)/4 contains a positive proportion of vertices, so both the set of vertices
at distance at least 3diam(G)/4 and vertices within a diam(G)/4 ball occupy a positive proportion of the

graph.

We first start by writing, 2Vary, (f) = E ((f(X,n) — f(Y,7'))?). Now, the idea is that if one sample is
close to o and the other is far, their corresponding f- values should be well separated. More specifically,

2Varr,, , (f) = E((f(X,n) — f(Y,n))*1(4)).

By Jensen's inequality, this is at least
(B(4))? (Bl (X, 0] A] ~ ELf(V.n)]A])".
We know from earlier that
E[f(X,n)|A] > 3 diam(G)/4 — N, and E[f(Y,n)|A] < diam(G)/4 + N,,
so their difference is at least diam(G)/2 — 2N,,. Using P(A) > b, we deduce
b2
Var, () > O (diam(C) — 4N, .

as required.

Now that we are done with our main technical piece, we are ready to show Theorem 6.3.

Proof. Let P be the transition matrix of the simple random walk on G. Then by a result of Diaconis and
Saloff-Coste [DSC94] we have that for a vertex transitive (¢, a) moderate growth graph,

Adiam(G)2472071 < SRV < £2RWi (o) <ea diam(G)?

rel mix

From the assumptions in the theorem and our previous lemma, we have that

full,(u, 1 . 1
ter (rp) Z(z,b,e @dlam(G)Q =ac %tiﬁw
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Now from the proof of proposition 8.1 in [HP20] we also have that for vertex-transitive graphs of degree d and
(c,a) moderate growth that one has t;ffmwtral_pmﬁle Sa.cd diam(G)2. Combining this with the comparison

principle for mixing time with the spectral profile we get,

rel mix rel

1 1 1 1
th“y(lhp) S tfull,(u,p),(oo) Sa,c,d —diam(G)z + 7| log(l _p)‘ S —diam(G)2 = 7tSRW
up o up pp
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7 Conclusion, future directions and questions

In this essay, we addressed the problem of comparisons between random walk on dynamical percolation and
simple random walk (SRW), as posed in [H520]. We studied the known comparison results for hitting and
mixing times, and extended these techniques to prove new cover time bounds for several graphs that are
finite analogs of transient graphs.

The key idea was to use the hitting time comparison from [HS20] combined with a chain of inequalities
that was true only when the cover time was of the order ty;; logn. We showed that under the condition
of minimal hitting time (or uniform local transience), this is indeed the case, and thus the comparison
theorem for cover times holds. Next, we studied some important examples of uniformly transient graphs
such as, (Z&),>o for d > 3, (Zy, x Z2),, > 0 for h > logn, graph sequences (G,,) with diameters satisfying
D? = O(log(|V(G)|/IV(GR)|) or tre = o(n'~?). For the last two classes, we got more refined comparison
principles.

Several important questions remain open. Our proof only works in the case where the Matthews inequality
is tight, in particular when t.o, < logn ty;, it is natural to ask for what sequences Matthews is tight. In
particular:

Question 1. Let (G,) be a sequence of graphs with diverging sizes, is there an equivalent condition to
teov < logmn thit?

In the minimal hitting time case we know that thix < |V (Gy,)| implies that teoy < log |V (G,)||V(Gr)|, we
believe that the converse should also hold.

Question 2. Let (G,) be a sequence of graphs with diverging sizes. If tcoy < |V(Gy,)|log |V (G,,)| then is
thit < |[V(Gp)|?

Discussion about future directions: To start, note that the order of the Matthews bound is not important
for the cover time comparison to work, specifically suppose we have sequences of graphs such that tco, (G,) <

thie and tam(ep) < t;ﬂltl’(“’p), (for e.g., for graphs like the cycle) then we have that

RW C(n) +SRW

full, (u, full,(up) _ C(1) s
tcl:)v (sP) S thit S thit ~ cov

p p
Now, informally, if the Matthews does not hold, can we show something of the above sort? We know that
thit < teov K logn thit, then can we show that fcoy < thit atleast in the transitive setting?

Another approach to showing the comparison principle is to use another auxiliary quantity, such as the
blanket time, relaxation time etc, and to prove tight upper and lower bounds of the cover time with this
quantity, i.e t3RW =< M, (say M,,) is the quantity. Kahn, Kim, Lovasz, Vu [KKLV00], showed that for

M,, = max{tpit, ming yeca E.(T},)log |A|} we have that

tS RW

cov

= M, (loglogn)?

It is quite possible that this gives us the comparison upto (loglogn)? factor.

There are quantities like the blanket time, which are of the same order as the cover time (see [DLP11]).
However, developing a comparison principle seems to be just as hard of a problem. An interesting exploration
is the result of [DLP11] relating the cover time of a graph to the maximum of the square of the Gaussian
free field, there could indeed be a more direct proof coming from this analysis.

For sequences (G,,), we are only left with the large diameter case, where things spectral quantities are
simpler to analyse (in the sense that the mixing time and the relaxation time are both of the order diam2),
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so one could try the above approaches just for the large diameter case where, perhaps, an auxiliary quantity
is easier to find.

Finally, we note that further questions above the hierarchy of graph quantities can be asked. We refer the
reader to [HS20] for interesting discussions. For instance, the authors in [HS20] believe that our bound for
high-dimensional graphs of tgse\é‘éral_proﬁle < t2RW should hold for all transitive graphs. Overall, the theory
of developing comparison principles between the dynamical walk and the simple random walk is a rich area

of study with several interesting questions.
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