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Then Sn a Xi In such a setup the

particle has the randomness in built the

environmentmediumisfired here its the line 2

In percolation theory the medicis
random random subgraph for instance and

the article is allowed to move

freely in the medium

1957 Percolation theory model introduced by
Broadbent and Hammersley
d d

Geologist Math applied



Iffy
The flow of liquid in porous

some pores will get wet
while others wont

Here the medium i e the

pore structure is random
111 11

so if we
go

Granite marble Very diff back to the

Sandstone
Pore structures Rw analogy we

need a parameter

to control this

Porosity

By the same argument
we may except

water to percolate more in sandstone then

in Granite

For 177 is likely to be more

towards the right than
1

IT
1k



God Bond percolation on2d
Grimmet Percolation 1999
Bollobas Riordan 2006

Orientable percolation

Some articles no books per se

Continuum percolation

I Bond Percolation

G V E a graph where V is countable
finite infinite and E is a collection of

unordered pairs of vertices

In percolation theory vertices sites

edges bonds

Def A path It is a collection of
vertiles and edges finite or infinite

Y E Y in 1 en.vn where



C vii Viti t i 1 View Cite

angular brackets unordered

we require paths to be self
avoidingi e Y.us vn are all distinct

Two vertices u and v are said to

be connected by a path if IT Iv h

s t V u and Un V

Going back to the analogy of pores
we would like to think of them as

pipes Imagine pipes with a tap in the

middle which can be opened or closed
so we wish to classify edges

as either

opens or closed

we want to carry out this classification

in an iid fashion An edge is

open up β a

closed up 1 p go I labels



Probabilisticemulation Take V 2d and

E cu.rs Hu v11 1

or Hu Ulli 18ps
This graph will be called the lattice

19 2d E

Let 1 I 40,1 set of all labels

1 algebra generated by cyk.de
of the form

we E Ei EE E c

30,14
I i n n I

2
The elements depend only on finitely many
edges

Ii Pp product measure given by its marginals

48,13 11 p Sso



This
gives

us a prob space Rs f Pp
2

Parametrized duct space
by

of Bernoulli i V

It for Sandstone p for Granite

Note that the def of the P space
doesn't depend on the integer lattice

yd can be done for any graph

Alternatively we could consider site percolation

The vertices will be assign

R 40,13

f cylinder sets we toCui EiE
iei.cn no

Pp product measure with marginals

β8g 1 f 8203

We will stick to bond percolation in this

course



A path IT is open closed if all edges
in TT are open closed

Being closed is

Two vertices u V are said also an
interesting

to be conno by an open property useful in

path if an open path many dual arguments

connecting
these two vertices

Will be useful later

Nation u and v conn
on when dealing

with

the dual lattice
EU v

t
The spencluster of at v is

Ccu rev r u

For 2d let G Co fr u o

Note C random set of ventiler of
2d or V



show that u v Ef
C 1O EF
Cco Ef

In particular we can define

Ocp Pp C D

Note that as 2d is transitive is

at arbitrary choice

Note i p o C 203 a s 019 0

i 10 1 C Bas 091 1

we
go

back to the RW example
as P the random walker with larger

p proceeds more to the right on

avg



Here again we expect OCP ack
when we expect the cluster

of to be smaller
then

Thmd If then Ocp G

Proof Codling
Doeblin 2ⁿᵈ ww

Ef Renewal Thm in MC see 9.127

Let U V2 be iid Unif To B r v

on some Prob space G G P Ld

has countably many edges
label them

gene

we consider two lattices A and B

Fix EP CO D Let EA and EB

denote the labelled edge sets of A

and B

Set



e et 910,31 P
L GB This.tk

Then the induced measure on A is Pp
and that on B is Pp Thus

OCP Pp Icl to

IPC CB to

BY construction

H
Oct

Bb

Note Prize vicz would also work

IE imingand defined CA
CB new rus there which have same



dist as Colp Colp but we could
compare them

wheehaveshown Osp is monotonic
non decreasing

Def The critical parameter of bond
percolation on 2d is defined as

d inf P Ocp 70

04

area

p
Trivial case

44
these dont
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